Abstract. This paper introduces a novel approach to discuss an optimal inventory level of a retail product using a real option framework. We consider stochastic models for the evolution of the demand and unit price of the product over time. The profit structure of the retailer is represented by the payoff of the real option. An actuarial approach is then used to price the option. The retailer determines an optimal inventory level of the product with a view to maximizing the net expected profit. Numerical examples will be given to illustrate the practical implementation of the proposed approach and to investigate the impacts of changes in parameters on the optimal inventory level of the product.
1. Introduction. In this paper, we propose a novel approach to discuss an optimal inventory level of a retail product using a real option. We focus on analyzing the supply chain management problem from a retailer's perspective and model stochastic evolution of the demand and price of the product over time by two correlated Geometric Brownian Motions (GBMs). Consequently, we incorporate an important realistic feature that the demand and price of the product are correlated [4, 20] . We discuss the profit structure of the retailer from a real option perspective and represent it in terms of the payoff of the real option. Indeed, the payoff structure of the real option resembles to that of a quanto option [6] . Since the product is in the retail market and it is not tradeable in a competitive financial market, we use an actuarial approach [18] , instead of a risk-neutral approach, to value the real option corresponding to the profit structure. This is similar to using an actuarial approach to value an insurance contract. A single-period model is employed here in our discussion. The explanations of our adoption of the one period model are presented as follows. Lots of merchandise has specific restrictions on the time to launch them into the market. A majority of seasonal products fit into this description, for example, beach clothing will be on sale in fashion boutiques only when summer approaches; more typical examples are those festival-related products including the costumes for Halloween, Christmas decorations, toys for Easter etc. Moreover, a large category of them has a short selling season, yet on the other hand, their production lead time is relative long, especially with the more and more popular trend of outsourcing the manufacturing to lower-cost countries. In addition, other factors may also add to the suppliers' impetus to encourage retailers to place their orders well in advance of the actual sales, for instances, early purchase commitments help to achieve higher production efficiency under the existing capacity constraints because better scheduling of this order along with other regular work can be planned, they also assisting in reducing the cost associated with the procurement and storage of the raw materials ( [10] ). Hence for retailers selling such kinds of products, the decision of the inventory has to be made at the beginning the period with an aim to maximizing the expected profit, but the actual sales opens at the end of the period at a time that is usually specified by the market. Numerical examples will be given to illustrate the practical implementation of the proposed approach and to investigate the impacts of changes in parameters on the optimal inventory level of the product and the corresponding optimized profit of the retailer. Based on the numerical results, we highlight the importance of parameter uncertainty in the proposed model.
In this paper the price process as well as the demand process of the product under investigation are modeled as two correlated GBMs. This simple assumption makes the problem mathematically tractable and easier to analyze. Furthermore, the rationale behind this setting can be explained as follows. Despite that the actual market does not start until the end of the period, there are many other indicators that are able to reflect the future price and demand of the particular product under consideration, and hence the evolutions of these indicators can be integrated and adjusted to become an approximation of the evolution of our product. For example, the preference and the demand in the current fashion market may well infer the sales condition of the upcoming launched clothings in the next season; the changes in the prices of raw materials can cause future alternations in the price of the finished products; the most obvious example is that the fluctuations in the economic environment affect both the price and demand of the products to be sold later. And for every retailer, the market price and the demand of the product are critical in determining the final profit, hence when making decisions in inventory management, the evolutions of these two processes are of great interest to us [21] . Although some rough estimations of them can be inferred from the past data, the present economic situation, the current stage of the product life-cycle or some other marketing surveys, however, the market price and the demand of a wide range of products are quite volatile due to the influences by the uncertainties reside in a large scope of factors. For example, some unexpected events may happen and lead to economic fluctuations or some unpredictable feedbacks occur from customers when dealing with newly launched products and future sales may be affected. Various models have been proposed to capture these volatilities. GBM has already been widely applied to model the stock price evolution in the field of mathematical finance. For the evolution of the demand, Poisson process is one of the most commonly used models; some more general models that appear in the literature include the compound-Poisson process [9] , a distribution process whose parameters keep being estimated and updated in a Bayesian fashion with time [15] and Markov Modulated Poisson Process [2, 3] etc. A majority of these models for market price and demand assume they are both Markovian, which needs the condition that the market is efficient in the sense that the present market knowledge has already fully incorporated current information of every factor that may result in future changes in both processes. This assumption is mild and reasonable in a modern commodity market, because market participants usually have the incentives to be actively involved in information sharing for it can lead to better supply chain performance [14] , meanwhile, the advances in information technology facilitates the realization of a quick and efficient information flow in the market. Here we model the market price process and the demand process to be two GBMs which are also Markovian. We remark that a Poisson distribution with mean λ can be well approximated by the normal distribution N (λ, λ) for large λ. Another important feature of our formulation is that the two processes are correlated. Such correlation captures the significant relation between price and demand of a product. Moreover, since value of the correlation coefficient can be adjusted according to the specific degree of dependence between price and demand of a particular product, our model gives enough flexibility to approximate the real cases well.
With the stochastic demand process assumed, we use the newsvendor model which enjoys a great popularity in supply chain literature, to formulate the actual sales of the product. To be specific, actual sales of the product would be the minimum of the ordered inventory level by the retailer and the market demand size. Due to this minimum function in determining the profit, the payoff of this investment opportunity resembles that of an option. Hence we then represent the payoff of the retailer as the value of a real option. Extended from its application in corporate finance [5] and equity valuations [7, 16, 13] , real option approaches have also been applied in making managerial decisions, for example, to evaluate whether it is worthwhile to make an investment in R&D [12] or to determine an optimal capital budgeting plan for interrelated projects [1] . The fundamental premise of using the real option approach is the existence of similarity between the profit structure of the agent and the payoff of a financial option so that the mathematical techniques developed for financial options can be adapted to "real-life" decision problems. Indeed, here the retailer's profit resembles that of a quanto option, which refers to an option frequently used in international trade which makes payouts in one currency based on some financial index in another currency [6] , hence the application of the real option approach in our context is appropriate.
Another innovative feature of our paper is that we value the price of the corresponding quanto option by an actuarial approach instead of a risk-neutral approach as in the valuation of true financial derivatives, because the retailer's investment opportunity of buying and selling the product cannot be traded in a competitive financial market. This actually relaxes the rather strict assumption of the existence of a complete market which is required if a risk-neutral approach were to be applied, since the trade of a specific product may only be available to some retailers and the payoff of this investment may not be possible to be replicated. This is very similar to valuing an insurance contract, hence we use an actuarial approach here to give a more accurate insight of the problem. We remark that other approaches such as the utility based approach has been adopted to evaluate real options for models of similar type, see for instance, [8] , [11] and [19] .
We are able to deduce a closed-form equation for the valuation of the real option and hence give the value of the retailer's profit. So with this equation the objective function, now the problem reduces to an optimization problem aiming to find the inventory level to maximize the net expected profit. Numerical examples are presented to assist us in understanding how do changes in different parameters cause variations in the optimal inventory level and how does the optimized profit level behaves correspondingly. However, maximizing the net expected profit can be controversial. Because it has been pointed out in [17] that the choices of managers may systematically deviate from the expected profit-maximizing order quantity due to the different preferences of the decision maker. Their experimental results show that subjects consistently ordered amounts lower than the expected profit-maximizing quantity for high-profit products and higher than the expected profit-maximizing quantity for low-profit products. It is suggested that the managers can improve their inventory decisions by separating the forecasting task from the inventory decision task or by changing managerial incentives. Nevertheless, we shall focus on maximizing the net expected profit in our captured problem and study the impact of correlation between demand and price to the optimal inventory level.
The remainder of paper is structured as follows. In the next section, we present the model dynamics and discuss the relationship between the profit structure of the retailer and the payoff of a real option. Section 3 presents the optimization problem of the retailer and the actuarial approach to value the option associated with the profit structure. We also derive a closed-form solution of the objective function and solve the optimization problem. In Section 4, we present and discuss the numerical results. The final section includes some concluding remarks.
2. Model dynamics and real options. We consider a continuous-time model with a finite-time horizon T := [0, T ], where T < ∞. To model uncertainty in the demand and price of a retail product, we consider a complete probability space (Ω, F, P ), where P is the real-world probability. There is a money market account B which offers a constant continuously compounded rate of interest r, where r > 0. Suppose D := {D(t)|t ∈ T} and S := {S(t)|t ∈ T} are the demand process and the price process of the retail product which is derived by taking the evolutions of the relevant indicators in the economic environment as an approximation with the rationale explained in the above discussions. Here D(t) and S(t) are the demand and price of the product at time t, respectively. Let
and W 2 := {W 2 (t)|t ∈ T} be two correlated standard Brownian motions on (Ω, F, P ) so that
where ρ is the correlation coefficient of the two Brownian motions.
Then we assume that the evolution of the demand process D and the price process S over time are governed by the following two correlated geometric Brownian motions:
Here 1. µ D and σ D represent the expected continuous growth rate of demand and the volatility of demand of the retail product, where µ D ∈ and σ D > 0; 2. µ S and σ S are the expected growth rate of the price and the volatility of the price of the product, where µ S ∈ and σ S > 0. Note that both the demand and the price of the product are always positive. Since W 1 and W 2 are correlated, the demand process and the price process are correlated.
We consider the situation that the retailer wishes to determine an optimal inventory level, say L, at time 0 for a product which will be sold at the terminal time T . The goal of the retailer is to maximize the net profit from selling the product at time T given by:
We note that the net profit depends on two random factors, namely, the demand and the price of the product at the terminal time T . The first term "S(T ) min(D(T ), L)" represents the profit received by the retailer from selling the product at the price S(T ) per unit at time T with the actual volume of sales being the minimum of the market demand D(T ) at time T and the initial ordered inventory level L. The second term "e rT cL" is the future value of the initial cost of acquiring the inventory level L at time 0. The per unit wholesale price c is assumed to be given. The inventory level L is the choice variable of the retailer.
We now note that
The second term "S(T ) max(L − D(T ), 0)
" resembles the payoff of a quanto put option struck at L and maturing at time T if we consider the demand process as the price process of an underlying risky asset and the price process of the retail product as the exchange rate.
3. Optimization problem and actuarial valuation. The goal of the retailer is to select the initial inventory level L for the retail product which will be sold at time T so as to maximize the expected present value of the net profit from selling the product at time T . For each L ∈ + , let
Here E is expectation under the real-world probability P . Then the optimization problem of the retailer is given by:
It is easy to check that
The third term of J 0 (L) is an actuarial value at time 0 of the quanto put option with strike price L and maturity at time T . Since the demand process is a non-tradeable stochastic factor and the retail product is not traded in a competitive market, the actuarial valuation, instead of a risk-neutral valuation, is used to value the quanto put option.
To evaluate the objective function J 0 (L), it remains to evaluate the actuarial value of the quanto put option. The result is presented in the following theorem.
Theorem 3.1. Let 
Hence the result follows.
The closed-form expression for the objective function is presented in the following corollary.
4. Numerical experiments and discussions. In this section, we present numerical experiments to illustrate the practical implementation of the proposed model and investigate the impacts of the model parameters on the optimal inventory level and the corresponding optimized profit level. Particular attention will be paid to the impact of the correlation coefficient ρ between the demand process and the price process of the retail product on the optimal inventory level L.
For simplicity, here we define
This transformation of the profit does not alter the value of the optimal inventory level, but it re-scales the value of the optimized profit by a factor of e rT /S 0 . However, the qualitative property of the original optimized profit level J 0 (L) is preserved under this transformation. Recall that ρ 12 = ρT , for a fixed time horizon T , the transformed correlation coefficient between the demand process and the price process is linearly correlated with the original one. So here Figure 1 shows that when the degree of correlation between the two processes, which can be measured by ρ 12 , gets higher, it is optimal for the retailer to make a larger inventory order. Meanwhile, the optimized profit also increases with ρ 12 . The result is reasonable because the price process and the demand process are the two sources of uncertainty towards the determination of the retailer's profit. However, keeping all other factors unchanged, when the two processes are more highly correlated, the retailer is taking less total risk. To see this, consider the extreme case: if the two processes are almost perfectly correlated, they are both governed by only one geometric Brownian motion, therefore the risk must be reduced. Hence in the optimal cases, the retailer can order more inventory and increase total wealth. 
The implications from Figure 2 coincides with intuition: when the initial demand level is higher, it generally indicates the product is more popular, hence the retailer can optimally order more inventory and it is expected that the final payoff will be higher. Recall that the transformed volatility of demand σ 1 = σ D √ T , for a fixed time horizon T , the transformed volatility and the original volatility of demand are linearly correlated. Hence the graphs here in Figure 3 show that in gross, when demand is more volatile, it is optimal for the retailer to order more inventory and more profit can be earned, because here the per unit wholesale price is lower than the initial market price of the product, given that the volatility of the price process is not too high, it is expected that most of the time, the per unit wholesale price remains below the market price, that is to say the retailer makes profit whenever a product is sold. Since the retailer misses a unit of sale if there is not enough inventory, and the probability of experiencing a large volume of sales is higher if the demand volatility is larger, hence the retailer should order more in this case, and the profit should also be increased. Figure 4 shows that when per unit wholesale price, which is the cost to the retailer, increases, the optimal order level drops. This concurs with our intuition. The optimized profit, however, rises at first and then decreases.
5. Conclusion. A real option approach was introduced to discuss an optimal inventory problem of a retail product, where the profit structure of the retailer was represented as the payoff of a real option. We modeled the stochastic demand and unit price of the retail product by two correlated geometric Brownian motions so as to incorporate the dependent relationship between the demand and price of the product. Given the non-tradeable nature of the investment opportunity of wholesaling and retailing the product, we priced the real option by an actuarial approach, where a real-world probability instead of a risk-neutral one was used in valuation. The goal of the retailer is to maximize the net expected profit by selecting an optimal inventory level. Some analytical results were derived and numerical examples were given to illustrate the implementation of the model and to study the impacts of correlation between the stochastic demand and the unit price of the retail product on the optimal inventory level and the corresponding optimized profit level. The numerical results reveal that both the correlation between demand and price and the volatility have significant impacts on the optimal inventory level. These results also highlight the importance of parameter uncertainty in determining the optimal inventory level. In our future research, we shall extend our work by considering the utility based approach in evaluating the captured real option [8, 11, 19] .
